ON A DECOMPOSITION THEOREM FOR MEASURES
IN EUCLIDEAN #-SPACE(?)

BY
WILLIAM C. NEMITZ

Introduction. It is the purpose of this paper to extend a decomposition
theorem of Mickle [1] (square brackets refer to the bibliography at the end of
this paper) for (n—1)-dimensional measures in Euclidean n-space R®, to
k-dimensional measures in R*, for 0<k<n, k an integer. In this paper we
define a measure uf on the family ® of Borel sets of R* that satisfies the fol-
lowing conditions:

(a) If BE® and u*(B) <+ », then B=B,\UB,, where B, is countably
k-rectifiable (see 4.1) and uf(B,) =0.

(b) If BE®, then

(1) Fi(B) S un(B) < Hu(B),

where F! is the Favard k-dimensional measure in R* (see 7.3) and Hp is the
Hausdorff k-measure in R* (see [2] 2.18). Furthermore (see 7.3),

2 Fu(B) = ua(B),
whenever u%(B) < + » and

) Fr(B) = un(B) = Hu(B),

whenever B is countably k-rectifiable. Whether (2) holds for every BE® is
an open question.

(c) ufis the smallest measure on ® which satisfies a weak projection in-
equality in the following sense: For almost every R*( in a sense given in 6.4),
the Lebesgue k-dimensional measure of the projection of a Borel set B into
R* is less than or equal to uf(B).

(d) If m is a positive integer such that ¥ <m <n, and B is a Borel setin
Rm, then (see 7.4)

in(B) = un(B).

While our results are stated in terms of measures on Borel sets, it will be
convenient to work with Borel regular Carathéodory outer measures (see
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1.11). The procedures and proofs will follow closely those of Mickle [1] and
Federer [2]. However, it should be noted that in the work of Mickle [1] the
geometrical arguments needed do not necessitate the use of the group of
orthogonal transformations of R" onto R" that is used in this paper.

I. Preliminary considerations.

1.1. Let R* denote Euclidean n-space, ® the Borel sets of R*, G, the group
of orthogonal #Xn matrices with real entries, and ¢, the Haar measure on
G.. Likewise let G denote the group of orthogonal kX% matrices, and g the
Haar measure in Gi. For g, an element of G, let g; be the ith row vector of g.
That is,

8 = (gt'l) 8i2y 0, g‘n)’

where g;; is the entry of g in the sth row and jth column. Let I* be that nXn
matrix formed from the identity of G, by setting the last »—% diagonal ele-
ments equal to 0. We shall use I* both for the above matrix and for the
mapping effected by the matrix, that is, for the projection of R® onto the
space spanned by the first k basis vectors of R®. Thus, although I* considered
as a matrix has no inverse, we shall use (I¥)~! for the inverse of the projection
mapping. For convenience, we shall set R*=I*(R"). Also let I,_=1I—1I*% and
Ru_r=1I,_+(R"). If y is an element of R", and g is an element of G,, then the
length of I*g(y) and I._xg(y) are given by

| () | = X [(y-g2]',

fm=1

2 [Go-g)2]

t=k41

| In-lkg(y) |

where “-” denotes inner product.
1.2. Let S be an element of Giys. Then Sis a k+1 by k41 orthogonal
matrix. We form an # X#n orthogonal matrix S’ from S as follows:

Si = (S, Siy -+, Sektn, 0, - +,0)  forl =ik +1,
S = (81, 8z, -+ * 5 Bin) fork+2=<i=<n
{1 fori =j,
8ij = ..
0 for i # j.

S’ may be considered as a continuous function of S.
1.3. LEMMA. For S in G4y and y in R*,
S'IH(y) = IHIS'(y).
Proof. Let
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u = (ul, ) u,.) = S’IH.l(y))

v = (vl) ) vn) = I"“S'(}’):
Ik+l(y) = (}’1, * 0y Vet 0,--- ’0)-

n k+1
U; = E S:p(IHl(y))p = El S;pym

p=1

> Shy, f1Sigk4+1,
p=1

0 ifk+2=sisn

But if 1 <i<k+1 and k+2=<p =<n, then S;,=0; so

k+1 ,
vi= > Sipyp=wu H1Z2iZk+1.

p=1
Also if k+2=<i=mand 1 =p <k+1, then S,=0; so

k+1
wi= 2 Shyp,=0=v; ifk+25iSn
p=1

Hence u=v.
1.4. LEMMA. For S in Gky1and y in R»
[ 1#15° () | = | () |

[February

Proof. S’ is in G, and hence S’ preserves length. Therefore by 1.3,

| 1187 (5) | = | S'B+i(y) | = | IFH(y) ] .
1.5. LEMMA. For S in Giryr and a>0 let
US, @) = {z| € R, | I (x) | < a[S'(@)]k + 1},

VS, @) = {x| 2 € R, | ()| < (a2 + 1)12[S'(x) ]k + 1}.

Then U(S, o) =0(S, o).
Proof. First note that for x in either set
[S'®) Jerr = (Sdi1-2) > 0.

Now
x € US, )

if and only if
k

| IS (2) |2 = 25 (S)-%)? < &2[(S'())isa]?

i=1

if and only if
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k+1

| 4187 (2) |2 = 30 (ST -2)? < (e + 1)[(S'(%))rna]2

tw=1

By 1.4 then

x € US, @)
if and only if

| (@) 2 < (a2 + D[S (#))era]?

if and only if

€ V(S, a).

1.6. For x a real number, x>0, let
y = B8@) = {2[1 — (a + D]},

Then lim,.o B(x) =0 and

y(4 — y?)H2 .
x=pNy) =—"—> lim 8~(y) = 0,
2 — 9y v=0
and
. B(x)
lim — =
z—0 X

1.7. Let Ct'={y|yE R, |y| =1}. For y in ¥, 0<n< o, let

Cly,n) ={z|ze c, | 2 —y| <9},
Co,m) = {z|ze o, |z —y| =},

D= {z|x € R, | ()| > 0}.
D is open in R".

Let f be the mapping with domain D and range C**! given by

f is continuous onto C*+1,
1.8. LEMMA. For S in Gy, >0,
FICSkr, B@)] = V(S, a).
Proof.
J7IC[Sk4y, B(e)] C D.

309

Also, for x in V(S, @), [S"(*) Ji+1>0, which implies that | I*+15(x)| >0, which
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by 1.4 implies that |I*+1(x)| >0. Hence for any x under consideration,
II"""(x)] >0. Now by 1.3
[S'@]eer = [98'(@) e
= [ (@) i1 = S [P+1(2))
= Serr- [I1(@)] = Seer-f@))(| PH(@) | ).
Also
| Sens| = /@] = 1.
So
| (@) = Saaa|* = 2[1 = Seg1f(5)).
Thus x is an element of V(S, o) if and only if
| (@) | < (@ + DY2S' (@) ]ess,
which is true if and only if
1 < (@ + 1)V*(Sks1-f(%)),
which is true if and only if
(Ses1:f(x)) > (a® + 1)7112,

which is true if and only if

[B()]*
2

’

2= Serrf(x)) <1— (a2 + 1)1 =

which is true if and only if
| f(2) = Sker]? < [B(e)]2
1.9. LeEMMA. If f(x) = Skt1, then I®S'(x) =0.

Proof. If f(x) = Si41 then for all >0, f(x) is an element of C%(Si;1, B(c)),
which by 1.5 and 1.8 means that x is an element of U(S, a). Thus for alla>0

| PS'(2) | < alS' (@) ]
Hence
| 58" (x) | = o.

1.10. By a Carathéodory Outer Measure (abbreviated C.0.M.) on a
metric space X, with distance p, we shall mean a non-negative set function
A defined for all subsets of X, such that

(1) A(H)=0 (I is the empty set),

(2) E:CE:;CX implies A(E;) SA(Ey),
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(3) E=U, E, implies A(E) £ >, A(E,),

(4) p(E,, E2) >0 implies A(Ey) +A(E;) =A(E\\JE,).
An outer measure is a non-negative set function defined on the subsets of X
which satisfies only the first three above conditions. By a A measurable sub-
set of X we shall mean a set E such that for all subsets Q of X,

A(Q) = A(@N E) + A(@N CE),

where C(E) denotes the complement of E. By a Borel regular C.O.M. we
shall mean a C.0.M. such that for any subset E of X there is a Borel set B
containing E for which A(E) =A(B).

Let A be a closed set in R*, j a positive integer, A an outer measure in R".
For Y a subset of Ckt!, let

#(7) = Lub. A[AN KO, r) N f-Y(Y) 1’

0<r=1/4 rk

where O is the origin of R", and K(x, 7) is the open sphere of center x and
radius 7 in R*. Then y(Y) is an outer measure in C+1,

1.11. LEMMA. For A closed CR*, j is a positive integer, D as in 1.7, let
Z = f(AN DN K(O, 1/5)).
Then Z is an analytic subset of C**!, and
Y(CH! — Z) = 0.

Proof. Since ANDNK (O, 1/j) is a Borel set of R*, and f is continuous,
Z is analytic. Also,

CHl' — Z = N Cfl[AN DN K(O, 1/7)].
Hence ¥(C¥1—2) =
Lub AlA N K@©,r) N+ N cflA N DN KO, 1/9)]} )
ALLD. )

0<rs1/4 7k

which is less than or equal to

A[ANK@O, "N\ DN C[AN DN KO, 1/9)]]
l.u.b. =0

0<rs1/s r*

1.12. LEMMA. Let

\IIC(y) 77)
H*[C(y, n)]

where H* is Hausdorff k measure. Let

P(y, n) =
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H= {yl y € O, limsup p(y, 1) = + w},
72—0

K= {yl y = O, limsup (3, ) > 0} .
70

Then H*(K — (H\UZ)) =0.
Proof. By 1.11 ¥(C¥*'—Z) =0. So ¥[C(y, 7) —Z] =0. Hence

‘I’[C()’, )N Z] = ‘I’[C(y’ ’7)] = ‘I’[C(y, 7) N Z] + ‘I’[C()', n) —

Therefore
‘I,[C(y"’l)mZ]
(om) =~ -
P = Thlc, ol
Now, by [3; 4],
Y(Cly,mNZ
lim sup €&, m ]-——O or 4 o,

n—0 H"[C(y, 7’)]
H* almost everywhere on C¥*!'—Z, But on K— H

0 < lim sup p(y, ) < + .
7—0

So H¥[K —(H\UZ)]=0.
1.13. The following are immediate consequences of 1.6.

e %)

lim =27 >0,
=0 a(k)r

. H[C(y,8(n)]
Iim —F=1
70 a(k)n*

where a(k) is the Lebesgue k& measure of the set
{z|x € R, | 2| <1},

1.14. LEMMA. Let
H*(A, A)

AANKO@ NN WS _

= {SI S € Giyyylimsup lLu.b.

920 0<rs1/4 a(k)rknk
Then Sk tn H implies S is in H*(A, A).

Proof. Si,1 in H implies

[February

Z].
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Al4 N K@D, 1) N fCSu,m)]

lim sup lLu.b. . +
70 P 0<rs1/s. P HE[C(Siy1, 1))
Hence by 1.6
limsup Lu.b. A[4 N K(O, 7) N fC(Sks1, ()]
70 0<rsyJ =4

r*H*[C(Sks1, B(n))]
Hence since

FHUCSks1, B@)] C fHC(Ske1, 28(m))],
i A4 N K, 1) N f[C%Skys, 28(m)]]
imsup lu.b. =
20 0<rs1/ e HE[C(Skt1, B(n))]

which implies that

+ =,

) A[A N K@D, 7) N f1[C%Sarr, B@))]]
meup Lub T 8) B
7 rsS1
: kak [C (SH.], '_2"')]

Hence by 1.14, .

, AlA N K@D, 1) N f[CSk, B))]]
4o =lim sup lLu.b. ’
70 0<rsy/ a(k)rtqk
which by 1.5 and 1.8 equals
im sup lu.b. .
o 0<rsti a(k)rr
Hence S is in H*(A, A4).
1.15. LEMMA. Let

. A[ANK(@©,r) N uS,n)]
K*(A, A) = S| S € Giy1, limsup lu.b. 0;.
70  0<rs1/4 a(k)rkqy®

Then S in K*(A, A) implies Sky1 s in K.
Proof. S in K*(A, A) implies
AlA N KO, r) N u(s,
0 < limsup lu.b. [ ©,1) s, ] )

720  0<r<1/s a(k)ry

which by 1.5 and 1.8 is less than or equal to

. A[ANK(O,7) r\f—l[C(SHl, B)]]
lim sup l.u.b. )
70  0<rS1/4 a(k)rgt
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which by 1.13 is less than or equal to
A[A N K(O, 1) N fC Sk ﬁ(ﬂ))]]}
a(B)rtqy

lim sup lu.b. {

n—0 0<rs1/J

a(k)n*
. {H"[C(Sm, ﬂ(n))]} ’
which by 1.6 equals lim sup,.o #(Sk+1, 7). Hence Si41 is in K.
1.16. LEMMA. Let
E(S) = {x| € R*, I*S'(x) = O}.
Let
L*(4) = {S| S € Gy, (4 — 0) N K(D, 1/5) N E(S) % S}.

Then Siy1in Z (see 1.11) implies that S is in L*(A).

Proof. Siy1 in Z implies that there is an x in ANDNK (0, 1/7), such that
f(x) = Sk41. Hence by 1.9, I*S'(x) =0, which implies that x is in E(S). Now if
x is in AND, then x is not the origin. So % is in

(4 — 0) NK(@O, 1/9) N E(S)
which is therefore not empty. Hence S is in L*(4).
1.17. THEOREM.
o[ K*(A, 4) — (H*(A, 4) U L*(4))] = 0.

Proof. By 1.15,if Sisin K*(A, 4), then Si,1is in K. By 1.14, if S is not in
H*(A, A), then Sk, is not in H. By 1.16, if S is not in L*(A4), then Sk, is not
in Z. Hence

K*(A, 4) — (H*(A, 4) Y L*(4))
is contained in the set of S in Gi41 such that Si,;is in K —(H\UZ). Hence the
theorem follows from the fact that H*[K — (H\JZ)]=0 (see 1.12).
II. Densities.

2.1. For a fixed 7>0, @ an element of R", 4 a subset of R", j a fixed posi-
tive integer, g an element of G,, and A a C.0.M., let

P(g,n,0) = {z| s E R, | I'g(x — a)| < 9| Lag(x — a)] }.
Let
M(A,A,g,9,r,0) = A[A N K(a, r) N P(g, n, a)]/a(k)ntr*;
M;(A, A, g,m,0) = Lub. M(A, 4,8,m,71,0);

0<r=1/4

U(g, a) = {x| x € R», I'g(x — o) = O};
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Wb, 4) = {69] () € 4% Gy limsup M4, 4,g,m,9) = + o ;
70
Xi(A7 A4) = {(x’g)l (x) 8) € 4 X Gy, lim sup MJ'(At 4, &M x) = 0} ’
2—0

Vi(d) = {(x,9)| (%,8) € 4 X Gu, (4 — 2) N K(x, 1/5)
N Ul(g, x) # I},

2.2. LEMMA. If A is closed in R», then V;(A) is a Borel set in the cartesian
product space A XGh.

Proof. For p and g integers, p less than j, and C(x, r) the closed sphere
for radius 7 and center x in R", the set Sj,,., of elements of 4 XG, for which

AN[C,1/j = 1/p) — Kz, (0 — /G + DI N Ulg, ») #* &
is a closed set in 4 XG,, and

V,= U USjpe

p=j+1 g=1

2.3. LEMMA. For A a Borel set of R*, A a C.O.M., WA, A) and X;(A, A)
are Borel sets in A XGh.

Proof. It suffices to show that
A[AN K(x,r) N P(g, n, 2)]
is a lower semi-continuous function of (g, 9, 7, x). For
(80, 0, 70, %0),
let A be any number less than
A[4 N K (o, 70) N P(go, n0, %0)].
There exists F, a closed set of R*, such that
F C K (20, 70) M P(go, 10, %0),
and
A(ANF) >,
and for (g, 9, r, x) sufficiently close to (go, 70, ¢, x0),
F C K(z, 1) M P(g n, ),
and
CA[ANK@, )N P(g, g, x)] = A(ANF) >
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2.4. For A a closed subset of R*, and x in A4, the sets

FA A4, %) = {gl g€ G, limjoup M;(A, A, g, %) =+ °°} ’
"

XHA, 4,2) = {gl g € Gy, lim sup MiA A, g, %) = 0} ’
-0

#4,2) = {g| §E G (4 — D) N K(x,1/) N U(g, %) #= &},

are Borel sets in G,.
2.5. For 4 a closed subset of R®, g in G,, the sets

Wi, 4, = {x| x € R~ lim sup M;(A, 4, g,7,2) = + oo} ,
70

X;(A, 4,8 = {xl x © R lim sup M;(A, 4, 8,9,%) = 0} ,
7—0

Vi4,8) = {z| s ER (4 — ) N K(x,1/) N U(g, %) # &},
W(A’ 4, g) =N WJ’(A, 4, g)’x’(A) 4, g) = U YJ(A; 4, g)) and
V(A7 g) = 9 Vj(A) g)

are Borel sets in R". Also note that V(4, g) is the set of all points x of R* such
that x is an accumulation point of ANU(g, x).
2.6. For g in G,.7>0, and a in R*, let

0i(gym) = (x| s ER, | Iig(x — 0) | < (n — B)y[g(x — a)]}
for 24+ 151 <5 n.
Likewise let
0i(gn) = {x|x E R | Pg(x — a)| < — (n — B)%[g(x — a)]i}

fork+1=1 = n.
Now let

+
AlAN K(a,r) N Qi (g,
F': = {g| g € G,,limsup lu.b. [ (31N Qi e )] > 0} ,
9-0  0<rS1/4 a(k)ry*

and let
A[AN K(a,r) N Qi (g,m)]

F; = € G,,limsup lu.b. > o} .
{gl ¢ ) P 0<r<1/4 alk)rky®
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F} and F; are Borel sets in G. The proof of this is essentially the same as that
given in 2.3.

2.7. LEMMA.

Pema) C U [0 n U 0i(e n)l.

k1
Proof. If not, then there exists x in R* such that
| I*g(x — a| < 2| L-s g(x — @) |
and for all 7, k41 <1<,
| g — 0)| 2 (n — )] [g(= — 0)]i] .
Hence
(n—B)| gz~ )|z (n ~ k)n’[ > [ete - a)]i]
imkt1
= (1 — B Lisg(z — a) |2
This is a contradiction.

2.8. LEMMA. Let I(p, q) be the identity matrix with the pth row replaced by
the qth row, and the qth row replaced by the negative of the pth row. Then, for
k+1=p,q=mn,

I(p, 9+ [Fs — (V}(4,0) UWHA, 4,0)] = F, — (V}(4,0) U W4, 4,0)),
where “ -7 denotes cosetting with respect to I(p, q).
Proof. For g in G,, and 1#p, g,
(10l = g5 1t Dels =205 (P, Pgla = — 25
Thus, since k+1 <p, g <n, we have
| 1:1(p, 98) (= — 0)| = | Ig(x — 9} |,
and
| LI (2, 98) (= = @) | = | Insg(x — 0) .
Thus Q; (g, n) =Q; (I(p, )¢, n), and hence

Fy = I(p, q)-F.

Also P(g, n, @) =P(I(p, 9)g, n, a), and hence
WkA, 4,0 = I(p, 9)- WHA, 4, a).
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Also U(g, a)=U(I(p, ¢9)g, a), and hence
V¥(4;0e) = I(p, q)-VFA4, a).
Hence
1(p. 9)-[Fs — (V}(4,0) U WH(4A, 4, 0))] = F; — (VH(4,0) U WA, 4, o).
2.9. LEMMA. For k+1=5p,q<n,

oalFy — (VF(4,0) U WHA, 4, 0)] = oa[F; — (V}(4,0) U W}(A, 4, 9))].
Proof. By 2.8

F; - (V:*(Aa a) v WJ*(A) A, a)) = I(P: Q)° [F: - (V)*(A’ a) ¥ W:’(A’ A’ a))]r

and the lemma follows since o, is the Haar measure in G,.
I11I. Further density considerations.
3.1. Let 4 be a closed subset of R*, g an element of G,, and a an element

of A. Let

i(x) = gz — a), for x an element of R".

Then ¢ is a distance preserving homeomorphism of R* onto R™ such that
t(a)=0, tK(a, r)=K (0, ), and t(4) is a closed subset of R".

3.2. LEMMA. For s in Gry1, 7>0,

Oini(S'g m) = £ [w(s, (= B'"p)].
Proof. x €Q.,(S"g. n) if and only if
| 158z — 0)| < (n — B)Y[S'g(x — @) usn,
which is true if and only if
| 'S'g(x — @) | < (n = B)2]S" (@) Jes,
which is true if and only if ¢(x) is in U(S, (n—Ek)V2).
3.3. LEMMA. For g in G,, a in R*, S in Giyy, 1>0,
=1 WS, m) C P(S'g, n, 0).
Proof. If x is in t~1(U(S, 7)), then {(x) is in U(S, 5), and therefore
| 158'g(x — a) | < 9[S'g(x — @) ks,

and hence
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1 188"~ o) | < n'[S'8(x = o1 S 0| LnsS'ez — @) [,
and therefore x is in P(S’g, 7, a).
3.4. LEMMA. For g in G,, a in R*, S in Giy,
CYE(S)) = u(S’g, a).

Proof. x is in t~1(E(S)) if and only if ¢(x) is in E(S), which is true if and
only if
| Ikslg(x - a’)l =0,

which is true if and only if x is in U(S'g, a).

3.5. LEMMA. For A a closed subset of R*, a an element of A, g in Ga, S in
Gry1; S is in L*(t (A)) if and only if S'g is in V¥4, a).

Proof. By 3.4
(4 — a) N K(a, 1/5) N\ U(S"g, 0) = =[(¢(4) — 0) N K(0, 1/5) N E(S)].
So Sis in L*(¢(4)) if and only if '
(#(4) — 0) N\ K(O, 1/7) N E(S) # &,
which is true if and only if
(4 — o) N\ K(a, 1/5) N\ W(S'g, 0)] # &,
which is true if and only if
(4 — a) N K(a, 1/5) N U(S'g, a) # J,

which is true if and only if S’g is in V*(4, a).
3.6. For A an outer measure, and E a subset of R", let

A*(E) = A[rY(E)].
Then A* is an outer measure in R",

3.7. LEMMA. For A an outer measure, A a closed subset of R*, g in Gn, S in
Giyr; if Sisin H*(A*, t(A)), then S'g is in W*(A, 4, a).

Proof. If .S is in H*(A*, t(4)), then

_ A*[K(4) N KD, ) N U(S, 7)]
+ o« = limsup lu.b. !
n=0  0<rs1/J a(k)r"n"

which by 3.3 is less than or equal to
: A[AN K(e,) N\ P(S'g, 1, 0)]
lim sup lu.b. .

2—0  0<rs<1/f a(k)riy*

Hence S’gis in WX*(A, 4, a).
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3.8. LEMMA. If S'g is in Fiyy, then S is in K*(A*, t(4)).
Proof. If S'g is in Fify,, then
+
‘ A|[ANK(a,r) N S'g,
0 < limsup lu.b. [ CLIALZEIOER)
n—0  0<rs1/s a(k)req®
which by 3.2 equals

. A*[i(4) VKO, 1) N U(S, (n — k)')]
lim sup lLu.b. )
70  0<rS1/4 a(k)ry
and hence S is in K*(A*, t(4)).
3.9. THEOREM. For any g in G, and a in A, a closed subset of R*, and A an
outer measure,
o1t S| 8'g € [Fers — (WH(A, 4,0) U VH(4,0)]} = 0.
Proof. By 3.5, 3.7, and 3.8,
[S|5%g € [Fiers — (WA, 4, 0) U VH(4, a))]}
C K*[A%, w(a)] = {B*[A%, ()] Y L*[i(4)]}.
Since A* is an outer measure, and ¢(4) is closed in R*, we may apply 1.17.

3.10. THEOREM. For a €A, a closed subset of R*, and A a C.0.M.

oulFin — (WH(A, 4, 0) U V(4 a))] = 0.
Proof. Let a: (Gi4+1XGn)—G, be a mapping defined by a(S, g) =S'g. a is
a continuous mapping. Hence the set

{(S,8)] (S, 8) € Gis1 X Ga, S € [Fira — (WA, 4, 0) U VI(4, a))]}

= o [Fers — (WFA, 4,0) U V¥4, a))]

is a Borel set in Gi11XGh.
Let ¢(S, g) equal 1 if S’g is in F;'I,.l—(W,*(A, 4, a)JVHA4, a)), and 0
otherwise. Then, since ¢, is a Haar measure in G,, for any S in Giy,,

oalFirs — (WHA, 4, ) U V¥4, a))]
= 0u{g| S'¢ € [Fers — (WXA, 4,0) U VH(4, a))]} = f o(S, g)don.

Gn

So by 3.9
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oalFirs — (WHA, 4, 0) U VH(4, a))]

= f f (S, g)dondorss = f f (S, g)dory1dan = 0.
Gr41 Gp GpV Gy
3.11. LeMMA. For k+1=p,q=n,a, A, and A as in 3.10,

“n[F: - (WJ*(A’ 4, o) Y VJ*(A’ a))] = an[F; - (W:*(A) A’a) % VJ*(A)G'))] =0.
Proof. By 2.8 and 3.10,

alFy — (WHA, 4,0) U VA, )] = 0.[Fq — (WA, 4,06) U V}(4,a))]

= oa[Frr — (WA, 4,0) U V; (4,0)] = 0.
3.12. LEMMA. For a, A, and A as in 3.10
n + -
G, — X}, 4,0) C U (F; UF;).
$mkt1
Proof. If not, then there exists a g in G,, such that
lim sup M;(A, 4, g,7,0) > 0O,

n—0

and for all ¢, +1 =i =,

. Al4 N K(a,7) N Qi (g, 0)]
0 = limsup Lu.b.
7—0  0<rs1/f a(k)r"'r)"

. A[AN K(a,7) N Qi (g,m)]
= lim sup Lu.b. .
2—0  0<rs1/4 a(k)riqg*

Hence by 2.7,

AlAN K(a,r) P a
0 < lim sup lu.b. [ (@, 7) &, 7, )]
70 0<r=s1/4 « (k) ’kﬂk

n

+
= 2 [lim sup lLu.b. Al4 N K(a,7) N Qi g m)]

t=k+1 70 0<7r=1/j a(k)r"‘n"

A[ANK N Q; (g,
+limsup Lub. [ (@M 0: (g ")]] -o.

70  0<r=1/4 a(k)rkpk

This is a contradiction.
3.13. LEMMA. For a, A and A as in 3.10
on[Ga — (XF(A, 4,0) UWHA, 4,0) U VF4, a)] =0.
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Proof. By 3.12
Gn — (X}A, 4,0) U WA, 4,a) U V}A, )
C U 17— 14, 4,0 U VHA, )] [F— (F1A, 4,00 U VP4, )]
and the result follows from 3.11.
3.14. LEMMA. For A, a closed subset of R*, j an integer, A a C.0.M.,
Ald — (WiA, 4,9 UXi(A 4,0 UTi(4,8)] =0
for aa almost every g in G..
Proof. By 3.13 for any a in 4,
onlGn — (WA, 4, 0) U X}(A, 4, 9) U V4, a)] = 0.
Apply Fubini’s theorem to the characteristic function of
(4 X Ga) — (Wj(4, 4) Y X;(A, 4) Y V;(4)).
3.15. THEOREM. For A a closed subset of R*, A a C.0.M.
- A[A - (WA, 4, VXA, 4,0 VT4, )] =0,
for o almost every g in G..

Proof. By 3.14, for every integer j, there is a subset Z; of G,, such that
ad.(Z,) =0, and for g in G.—Z;

Al4 — (Wi, 4,9 Y XA, 4,5 UTi(4,g)] =0.

Let Z=U;2, Z;. Then ¢,(Z) =0, and for g in G,—Z, and for all integers j,
Al4 — (Wi(A, 4,9 Y XA, 4,5 U Ti(4,g)] =0,

and thus, by 2.5,
Al4 — (WiA, 4,0 VU X(A, 4,9 U T4, )] =0.

Also, W;(A, 4, g) and V;(4, g) are monotone decreasing sequences of sets. So

A4 - (_W-(A) A’ g) v Y(A’ A’ g) UV(A; g))
- 4= X 4,9)N | U, 4,9] N[ UcTi, 9]
C[4 - X4, 4,9] N U [CH,(A, 4,8 N CT4(4, 9)]

= U [A - X'(A’ 4,9V W:'(Ai 4, g) UI—/J(A: g)],

3
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and the result follows.

IV. (A, k) Unrectifiable sets.

4.1. By a Lipschitz mapping T from a metric space X, with metric p, to
a metric space Y, with metric 6, we shall mean a mapping such that there
exists a constant M such that for all x, y in X, §[T(x), T(y) ] < Mp(x, y).

A subset of Euclidean n-space will be said to be k-rectifiable if it is the
image under a Lipschitz mapping of a bounded subset of Euclidean k-space.

If A is an outer measure on Eucidean n-space, a subset E of n-space will
be said to be (A, k) unrectifiable if every k-rectifiable subset of E is of A
measure 0.

LEMMA. Let A be an outer measure in R*. Let A be a subset of R™ such that
d(A), the diameter of A is less than 1/j, for a fixed integer j. Let g be an element
of Gs, 0<8<1,0<y <+, and assume that

1) MiA A, 8,m,2) <y forxin A and 0 <y <34.
Let
(2) B={x|x€ A4, AN P(gn2)N\K(x, 1) #* & forr > 0,0 <7< 1}.
For x in R*, let

o = I, .g(x);
and let

x' = I*g(x).
Also let

K"(x", r) = I'g(K(x, r)).
Then for a in B, we have
©) A[BN (I¥)~Y(K"(a", 7))] < 2+110%ya(k)r*,
for 0<r<8/12j.
Proof. Since d(4) <1/j, (1) implies that

4) M, A, g n,rx) <y forxin 4,0 <9 <é§,r>0.
Now for x, y in R*
|y — o] = | () — Pg@ ]| = | gy — o) |,
|y — o' = | Liag(y) — Inwg(@) | = | Liagly — 2) | .

With this remark, the proof proceeds exactly as in ([1], 5.2). For a in B,
0<r<6/12j, let n=12rj, e=n/12=rj. Set

E = BN (I*)~(K"(a", r)).
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For x in E, set h(x) =l.u.b. |y’—x'| for ¥ in
AN P(g, ¢ x) N (I*g)(K"(a", 1)).

Then 0<h(x) £1/j. For x in E, let & in ANP(g, €, x)N\(I*g)" (K" (a”, 1))
be such that

5) 12| & — o | > 11h(z).
Since % is in P(g, ¢, x),
© |2 — 27| <e|d =)

For x in E, set

) Q(x) equal the set of y in E such that

| y' - x"l < Seh(x).

The remainder of the proof is divided into five parts.
PArT 1. For x in E, Q(x) CP(g, 1, x)\ IP(g, 1, %).
Proof. If not, then there is an x in E, such that

Iyr,‘_ x,,l < Seh(x), lylr_xul gnlyr_x/l’ |yu_ -ul -Z-WIy,_’BIL
Then
0 < leh(x) < 12| & — 2’| =9|& —2'| <n|& —9y| +0]y — o]
< |y//_£lrl + lyll_xul < 'x,l—ﬁ"l +2lyu_xrll <e|x/__“-;/|
+ 10eh(x) = 11eh(x).

This is a contradiction.

PART 2. For x in E, K" (x", eh(x)) CK"(a", 2r).

Proof. If |y —x"| <eh(x), then, since |x''—a"| <7,

[y —a”| < |y —a"| + |2 —a'| <eh(x) +7r<2r.

ParT 3. If y is in Q(x), then Iy’—x’[ <5h(x).

Proof. Assume that there is a ¥ in Q(x) such that Iy’ —«'| Z5k(x). Then
|y’ —x""| <Seh(x) S|y’ —x'|. Thus y is in ANP(g, €, x)N\(I*g)~ (K (a", 1)),
and hence 1/j=h(x) = 5h(x) >0. This is a contradiction.

PaRrT 4. If % is in E, then A(Q(x)) <2(84)*ya(k) [eh(x) ]*.

Proof. By Part 3, if y is in Q(x), then

ly—z| S|y —a]| + |9y —a"| <S5h(x) + Seh(x) = 5(c + 1)h(x) < 6h(x).
Also
ly—z| = |y—2| + |x—&] S+ Dh(x) + |« —&| + | 2" — 7|
< S(e+ Dhx) + (e+ 1) | 2 — 5| < 6(e + 1)h(x)
< (13/12)-6h(x) < Th(x).
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Hence ,
Q(x) C K(=, Th(x)) N\ K(%, Th(x)).
Hence, by Part 1,
Q=) C [A N P(g, n, %) N K(x, Th(z))] I [4 N P(g, n, ) N K (&, Th(x))].
Thus by (4) and since
1= 12¢, A[Q()] < 2va(k)(Th(z)n)* = 2(84)*ya(k)(eh(x))*.

PART 5. A(E) S 2¥+110%q(k)yr*.

Proof. Since, for x in E, I*g(E) CUK" (%", €h(x)), by a covering theorem of
Morse, [5], there are %y, %3, - - - in E such that I*g(E) CU2, K" (x!’, 5eh(xs)),
and for p#q

K"z’ eh(xp)) N K" (27", eh(xg)) = .

Now for x in E, there is an x; such that |x’ r—xl! ] < 5¢eh(x), and hence % is in
Q(x;). Thus

E C G Q(x;).
From Parts 2 and 4,
> AQ() S 264 a(By 3 (ch(z)*

=1 [T 8
2(84)*(2)*ya(k)rt < 2+110%ya(k)rt.

4.2. THEOREM. Let A be a C.O.M. in R*, g in G,, and let A be a (A, k)
unrectifiable subset of R. Then (see 2.5)

A[X(a, 4, 9] = 0.

Proof. It suffices to show that for j an integer A[X;(A, 4, g)]=0. Also,
since R® is separable, we may assume d(X;(A, 4, g)) < 1/j. Now
lim supy.o M;(A, X,,g,n, x) =0 for x in X;. AssumeA[X,(A A,2)]>0. Hence
by 2.5, there is a set 4; contained in X;, and a sequence of positive # numbers
61, 02, - - -, such that

A(A) > 0, Mj(A, 4, 8,9,%) <1/i, for0<n<3;
and x in 4;. Let B; be the set of x in 4;, such that for >0, 0<n<1,
A;N P(g,m, x) N\ K(x,7) # .
Since 4 is (A, k) unrectifiable, by Federer ([2] 4.3 Theorem),
A(d; — B) =0, A[B;] = A[4,] > 0.

A(E)

A

IIA
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Thus there is a point a in B; such that
(¢)) lim sup A[B N (I*g)~Y(K"(a", 7))]/a(k)r* > X > 0,
30

for some A. Choose 7 such that 1/ <\/2*+110%, By 4.1,
2 A[BN (I*g)~Y(K"(a", n)] < a(k)r,

for 0<r<8;/12j.
Since (1) contradicts (2), it follows that

AX,(A, 4,8) = 0.
V. Lebesgue measure of projected sets.

5.1. LEMMA. If A isa C.O.M. in R, g in G, and A is a subset of R*, with
A(4) <+ =, then,

Li[I*¢(W(A, 4, )] = 0,
where L, denotes Lebesgue measure in R*,
Proof. For E in R¥, let
Al(E) = A[4A N (Ig)~Y(B)].
Then A, is finite-valued C.0.M. in R*, and for x'’ in R*
¢y lim  sup Af(K" (=", )/ a(k)ft < + =,

for L, almost every x'’ in Rk, Now for x in W(A, 4, g), and 0<9<1, 0<r
<+ o, the set P(g, n, x) K (x, ) is contained in the set of ¥ in R® such that
9"’ is an element of K'/(x", nr). Thus there is a sequence

(ﬂi) '0') - (0) 0) fOl' i—' + @,
such that
+ @ = lim M(4, 4,877 = lim A (K", nrd)/aBinirs,

and therefore the result follows from (1).

5.2. LEMMA. Let A bea C.O.M. in R*, g in Ga, and A a Borel subset of R»
such that

A(4) < + =

and

A(4) = N(x', I*g, A)dLs,

Ry
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where N(x'', I*g, A) is the number of points (possibly =) in AN(I*g)~'(x").
Then

Li(I*%(V(4, g))) = 0.

Proof. N(x', I*g, A) is finite for L, almost every x’’ in R*, But x in V(4, g)

implies N(x'’, I*g, A) is infinite. Hence the result follows.

VI. The ! measure. :

6.1. Let Z denote the family of subsets Z of G, such that ¢,(Z) =0. For
B a Borel subset of R*, and Z in Z, let

Az(B) = Lub. Li[I*¢(B)], forgin G, — Z.
Let
AMB) = glb. )\;(B), for Z in Z.

For E a subset of R*, and €>0, let u(E)=g.l.b. D _\(B,), the sum being

taken over a countable covering of E by Borel sets B; such that d(B.) <,

and the greatest lower bound being taken over the family of all such coverings.
For E a subset of R*, let

k C e
#n(E)‘=.hn; ue(E).

1 is a Borel regular C.0.M. in R".
6.2. LEMMA. Let B; be Borel sets for i=0,1,2, - - - , and assume BoCU; B;,
and Z is in Z. Then
A#(Bo) £ TAz(B,).

Proof.
Lu.b. Li[I*g(By)] < Lu.b. Lk[ U [I"g(Bg)]:I < lub. X Li[I*g(B))]
< Zl.u.b. L[I*g(B))],

all least upper bounds being taken over g in G.—Z.

6.3. LEMMA. For B a Borel set in R", there is a set Z in Z such that \(B)
=\3(B).

Proof. For any integer 1, there is a set Z; in Z such that A3, (B) <\(B)
+1/i. Let Z=U,; Z;. Z is in Z, and N(B) SA\5(B) <A%,(B) <\(B)+1/1. Hence
for all 4, A\(B) SN}(B) <\(B)+1/i. Therefore A\(B) =\3(B).
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6.4. LEMMA. For ECR®, there is a set Z in Z such that for g in Ga—Z,
pe(E) 2 LeI*g(E).

Proof. Since u is Borel regular, it suffices to work with Borel sets. Let B
be a Borel set, €>0, and 4 an integer. There is a countable covering of B by
Borel sets Bj, d(B;) > ¢, such that uf(B)+1/i> > ;, N(B;). By 6.3 for each j
there is a Z; in Z such that

v A(Bj) = N*Z(B;).
Set Zi=U;., Z;. Then Z'is in Z and, (by 6.2)

HB) + 1/i > 3 ANi(By) = Mei(B).

fm=l

Now set Z=U;2, Z¢. Then Z is in Z, and

we(B) + 1/i > A3(B) = Ll'g(B),
for g in G,— Z, and for all 4. Hence u;(B) 2 Ly I*g(B) for g in Ga—2Z.

6.5. LEMMA. Let A be a Borel regular C.O.M. in R*. Assume that for any
subset E of R», there is a set Z in Z such that for g in Ga—Z, A(E) Z LiI*g(E).
Then A(E) Zuk(E).

Proof. Again it suffices to work only with Borel sets B. For ¢>0, B may
be written as a countable union of Borel sets B;, where d(B;) <e¢, and for
17#j, Bi{N\B;= &. Further for all integers ¢, there is a set Z; in Z such that for
g in G,—2Z;. A(B;) = LiI*g(B;). Set Z=’U;:,1 Z;. Then Z is in Z, and A(By)
=Lu.b. [LiI*¢(B:) ] =N\(B.) for g in G.—Z. Hence A(B) = X 2, N(B:) Zu(B).

The result follows since € was arbitrary.

6.6. LEMMA. Let A be a Borel regular C.O.M. in R*. Let T be a Borel regular
C.0.M. in R* such that for all ECR", such that A(E) < + , there is a set Zg
in Z such that for g in G—Zg, A(E) 2T'I*g(E). Then for all ECR*, such that
A(E) <+ , there is a set Z in Z such that for all subsets E*CE, and g in
G.—Z,

A(E*) z T[I*¢(B%).

1

Proof. Again it suffices to consider only Borel sets B in R*, and Borel sub-
sets B* CB. First, let 8 be the family of sets C such that C is the union of a
finite number of spheres of rational center and rational radius in R* 6 is a
countable family. If F is a compact subset of R*, then there exists C;DCe
D .-, CiE0 F=N>2, C.. We may further assume that B is bounded. Let

0 = {E| E=BNC, CEd}.

05 is countable. For each E in 0, there is a Zg in Z such that, for g in G, — Zg,
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A(E) 2T [I*¢(E)]. Set Z=UZg, for E in 0. Z is in Z, and for E in fp and g in
G.—Z, *

A(E) 2 T[I*(B)].
Now take F closed with respect to B. Then there is a compact set F* CR",
such that F=F*NB. Hence there is a sequence of sets C;2)C:D - - + such
that F*=ﬂ;’;1 C:. Set E;=C;\B. F= ﬂ{';l E;, and E;DE;D - - - . Also for
all integers ¢, and for g in G,—Z,

T[I*%¢(F)] = T[I*(E)] = A(E)).

Since lim;.,, A(E;) =A(F), we have, for all g in G,—Z,

T[I*¢(F)] = A(F).
Now let O be open with respect to B. Then there is a bounded open set O*
in R, such that O=0*NB, and a sequence of compact sets F*CF*C - - -,

such that O*=U2, F* Set F;=F*NB. F; is closed relative to B, and
O=U;L, F;. For all integers 7, and g in G,—Z,

T[I*g(F)] < A(F) £ A0).
Now I*g(F;) CI*g(Fiy1),and I*g(F;) is T measurable, and I*g(0) =U;Z, I*g(F;).
So we have that I'[I*g(F.)]—-T[I*g(0)] as i—+ =, and thus I'[I*g(0)]

<A(0). Now take B* a Borel subset of B. Fix ¢>0. Then there is a set O
open relative to B, such that 0D B*, and

A(0) < A(B*) + .
Then for g in G.—Z,
I[I*g(B*)] = T[I*(0)] = A(0) < A(B*) +«.
Thus
T[I*(B%)] = A(BY).

6.7. LEMMA. For E a subset of R, such that us(E) <+ «, there is a set Z
in Z such that for g in G.—Z,

ﬁmgfywwmmu»
R

Proof. Again it suffices to work with Borel sets BCR". By 6.6 there is a
set Z in Z such that for all Borel subsets B*CB, and g in G.—Z, ux(B*)
= L. I*g(B*). For ¢ an integer, R* may be written as the union of a countable
family of disjoint Borel sets B;;, where d(B,;) <1/1. For & in R¥, let fi;(x"")
be the characteristic function of I*g(BNB;;), and let fi(x") = ) i fis(x").
Then
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[ senan = [ juenin = 5 nlrgsn sy

J=1 Jm=1

— k k
= 22 un(BN Byy) = pa(B).
Jm=1
Since fi(x'")—>N(x'’, I*g, B) as i—+ «, the result follows from the lemma of
Fatou.

6.8. LEMMA. Let E be a k-rectifiable set in R*. Then

H'(E) = u(E).

Proof. Again it suffices to work with Borel sets B. Let Q denote the unit
cube in R¥, that is, for x in R*, and x in Q,and x= (%1, X3, * - - , Xs), We have

0<% =1, for1 S 1<%,

and
%, =0, fork+1=5i=n.

Now B may be taken as the image under a Lipschitz mapping of a subset of
Q. Also it follows immediately from 6.5 that (*) H*(B) 2uk(B). By [6], this
Lipschitz mapping may be extended to all of Q, with the same Lipschitz
constant. Hence, in view of (*) without loss of generality, we may assume that

B = T(Q), T a Lipschitz mapping.

Now let # be any point of Q, and g any element of G,. Let

J(u) be the Jacobian of T at «;

J7(u) be the Jacobian of gT at u;

Jo(#) be the Jacobian of I*gT at u.
Now by ([7], 4.2), J(u)=J}(u). Also all of the above Jacobians exist L
almost everywhere on Q. Hence there is a Borel subset E of Q such that

(1) T is univalent on E,

(2) All of the Jacobians exist and have positive, finite absolute values
everywhere on E.

@3) 4n(B — T(E)) = H (B — T(E)) = 0.

Now let u be any point in E. By (2) there is a k-plane 7 which is spanned by
the & column vectors of the differential matrix of T at . Select g in G, such
that g(w) = R*. Then for this g,

J(u) = JHw) = J, ().

Thus for €>0 there can be selected a sequence gy, g3, + + - in G, such that the
sets
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4) L«E:“={u|u€E,0§ |J_(u)—J,,,~(u) ‘<e}.

cover E. Let
-1
E, = E}, E;,= E¥— U E}*

j=1

Now, from 6.7 if necessary a second sequence g{, g5, + - -+ can be selected
from G,, such that for « in E;,

(5) 0= |Jw) — T <e

and

© m(TED 2 [ N6, gl TENIL.
R

Hence, from ([7], 4.5 Theorem), we have

H(B) = f J(wdL = i} L, S ): T+
= S NG Il TEDAL A+ e 5 3 ET(EY) + e = bi(B) + e

i=1V Ry iml

Hence
H'(B) = m(B).

VI1. The decomposition theorem.

7.1. LEMMA. Let A be a closed (uf, k) unrectifiable set in R», such that
pi(A4) <+ ©. Then pi(4) =0.

Proof. For any g in G,
' p——— -, k —-—
A=[4—= W, 4, )\ X(un, 4, ) Y V(4, 9)]

U [W(un, 4, 9) U X(un, 4, g) U T(4, g)].
By 3.15

k —  k p— ] —_—
I»"n[A - (W(Fm 4, 8) (V) X(I‘m A, g) Y V(A) g))] =0,
for g, almost every g in G,. By 6.4 and 6.6,

k — k -, k
Lk[I g(A - (W(“m 4, g) U X(ﬂn, 4, g) UV(A’ g)))] =0,
for ¢, almost every g in G,. Likewise by 4.2 and 6.6 and 6.4, we have that
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Li{'g(X(un, 4, )] =0,

for o, almost every g in G.. Likewise by 5.1,

LW, 4, 9)] = 0,
for every g in G.. Likewise by 5.2 and 6.7, we have that
Li[*¢(V(4, )] =0,
for o, almost every g in G,. Hence, for o, almost every g in Ga,
Li[I*(4)] = o,
and therefore
un(4) = 0.

7.2. THEOREM. Let A be a Borel set in R* such that pt(A) <+ w. Then
A=A4,JA,, where A\, A, are Borel sets. AsNAs= K. A1 is countably k-rectifi-
able, and ut(A4) =0.

Proof. Let
v = Lub. ua(4),

for A’ a k-rectifiable subset of A. For each positive integer ¢, there is a k-
rectifiable set B;C4 such that

k .
”n(Bi) > - 1/1“

Then there is a Lipschitz transformation from a bounded set E; in R* onto
B.. By [6] this transformation can be extended to the whole of R* with the
same Lipschitz constant. If F; is a bounded closed set in R* containing E;
then the intersection of 4 and the image of F; under this extended transforma-
tion is a Borel k-rectifiable subset of 4 containing B;. Hence we may assume
that B; is a Borel set for each 7. Set
Al = U B{.
iml
Then A4, is a Borel and countably k-rectifiable set. The set A2=A —A4, is
Borel and (uf, &) unrectifiable, 4 =A4,\J4,, AiNAs= . Since A, is the union
of a countable number of closed (uf, k) unrectifiable sets and a set of u* measure
0, it follows from 7.1 that uf(4) =0.

7.3. THEOREM. If A is a Borel subset of R™ and pE(A) <+ », then ui(4)
= FX(A), where Fr is the integralgeometric Favard k-measure of A, in R». (See
[2], 2.18, 5.11)
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Proof. By 7.2, A=A4,JA4,, A\NA,=, A,, A; Borel, 4, is countably
k-rectifiable, and pi(4,) =0. Thus

Fi(45) = 0.
Also by 6.8 and ([2], 5.14 Theorem),

un(Ay) = H'(41) = Fa(4y).

7.4. THEOREM. Let m, k and n be positive integers, k<n<m, and let A be
a Borel subset of R*, which may be thought of as a subspace of R™. Then

k
| in(4) = pn(A). |
Proof. Under the above assumptions Federer has shown ([8], 7) that

Fa(4) = Fi(4).

To begin, we assume uf(4) <+ o. Then, by 6.8 and 7.2, 4 =4,UA4,, A,
Borel for i=1, 2, AiNA,=. Also 4, is a countably k-rectifiable subset of
both R* and R™. So

un(41) = H'(4;) = pn(41), and un(As) = Fi(4s) = 0.

Hence FY(A,)=0=uk(4,). Therefore ut(4) =uk(4). We now wish to show
that if uf(4) = + «, then uk(4) = + «. To show this it suffices to show that
if uk(4) <+ o, then uf(4) =uk(A4). But this follows from exactly the same
type of argument as used above.
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