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Introduction. It is the purpose of this paper to extend a decomposition

theorem of Mickle [l ] (square brackets refer to the bibliography at the end of

this paper) for (n — l)-dimensional measures in Euclidean M-space Rn, to

fe-dimensional measures in Rn, for 0<&<m, k an integer. In this paper we

define a measure ju£ on the family (B of Borel sets of Rn that satisfies the fol-

lowing conditions:

(a) If BG® and p*(B)< + °o, then B = BiVJB2, where Bi is countably

¿-rectifiable (see 4.1) and p5,(B2) =0.

(b) If B G (B, then

(1) fI(B) á pl(B) £ Hkn(B),

where F% is the Favard fe-dimensional measure in Rn (see 7.3) and 77* is the

Hausdorff ¿-measure in Rn (see [2] 2.18). Furthermore (see 7.3),

(2) fI(B) = pn(B),

whenever p„(B) < + oo and

(3) F"n(B) = p"n(B) = Hkn(B),

whenever B is countably ¿-rectifiable. Whether (2) holds for every BG<$> is

an open question.

(c) Pr\ is the smallest measure on (B which satisfies a weak projection in-

equality in the following sense: For almost every Rk( in a sense given in 6.4),

the Lebesgue ¿-dimensional measure of the projection of a Borel set B into

Rk is less than or equal to Pr\(B).

(d) If mi is a positive integer such that k<m<n, and B is a Borel set in

Rm, then (see 7.4)

pi(B) = p"n(B).

While our results are stated in terms of measures on Borel sets, it will be

convenient to work with Borel regular Carathéodory outer measures (see

Received by the editors May 19, 1960.
(') This work was done as a doctoral dissertation at The Ohio State University under the

direction of E. J. Mickle.

306



MEASURES IN EUCLIDEAN n-SPACE 307

1.11). The procedures and proofs will follow closely those of Mickle [l] and

Fédérer [2]. However, it should be noted that in the work of Mickle [l] the

geometrical arguments needed do not necessitate the use of the group of

orthogonal transformations of 7?" onto 7?" that is used in this paper.

I. Preliminary considerations.

1.1. Let R" denote Euclidean w-space, (B the Borel sets of 72", G„ the group

of orthogonal wXw matrices with real entries, and <r„ the Haar measure on

Gn- Likewise let Gk denote the group of orthogonal kXk matrices, and ak the

Haar measure in Gk. For g, an element of G„, let g¿ be the t'th row vector of g.

That is,

gi =  (gih gi2, •  •  • , gin),

where ga is the entry of g in the ith row and jth column. Let 7* be that wXw

matrix formed from the identity of Gn by setting the last n — k diagonal ele-

ments equal to 0. We shall use 7* both for the above matrix and for the

mapping effected by the matrix, that is, for the projection of 7?" onto the

space spanned by the first k basis vectors of 7?". Thus, although 7* considered

as a matrix has no inverse, we shall use (7*)_1 for the inverse of the projection

mapping. For convenience, we shall set Rk = P(Rn). Also let 7„_t = 7—7*, and

Rn-k = In-k(Rn). If y is an element of 7?", and g is an element of Gn, then the

length of Pg(y) and In-kg(y) are given by

\i"g(y)\ = £ [(ygi)*]11*,
<-i

\i^g(y)\ = £ [(ygiY]lli,

where " • " denotes inner product.

1.2. Let S be an element of Gk+i. Then S is a fe + 1 by k + \ orthogonal
matrix. We form an wXw orthogonal matrix S' from S as follows:

for 1 S¡ i = k + 1,

for k + 2 ^ i ^ w.

S' may be considered as a continuous function of 5.

1.3. Lemma. For S in Gk+i and y in 7?",

5'/*+>(y) = 7*+1S'(y).

Si  — (ou, Si2, • • • , Si,k+i, 0,

S¡   =   (Ail, 5,-2,  •  •   • , Bin)

for i = j,

for i ¿¿ j.

0)

'"={0

Proof. Let
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u = («i, •••,«»)= 5'7*+1(y),

v = (vu ••-,*„) = 7*+15'(y),

7*+1(y) = (yi, • • •, y*+i, 0, • • •, 0).

*+i
«, - E S'ip(P+l(y))P = E S'ipyP,

P~i p-i

Vi =
E 5,'PyP    if i á * á *+1,
p-i

0 if * + 2 á * á ».

But if lá*á*+l and Jfe + 2 g/> £», then S'tp = 0; so

*+i
»t = E 5,-py, = «»     if i ■» * á * +1.

p-1

Also if k + 2^i-£n and lgpgfe + l, then 5¿ = 0; so

*+i
«i = E S'ipyp = 0 = d,-       if ¿ + 2 g ¿ g m.

p-i

Hence u = v.

1.4. Lemma. For S in Gk+i and y in RH

\lk+1S'(y)\   =  |7*+Ky)|.

Proof. S' is in Gn and hence S' preserves length. Therefore by 1.3,

| iMs'(y) |  = | S'P+l(y) |  - | Ik+l(y) I -

1.5. Lemma. For S in Gk+i and a>0 let

<U(5, a) = {x\ x G Rn, \ PS'(x) |   < a[S'(x)]k + l],

V(S, a) = {x\ x G Rn, I 7*+1(*) |   < (a2 + l)1/2[5'(z)]¿ + l}.

Then 11(5, a)=V(S, a).

Proof. First note that for x in either set

[5'(x)]*+i = (SirVx) > 0.

Now

x G 11(5, a)

if and only if

| 7*5(*) |2 = E (Si -xY < a2[(5'(*))*+i]2

if and only if
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| J*+tf'(*) |2 = £ (Si -xY < (a2 + \)[(S'ix))k+i]\
i—l

By 1.4 then

x E HS, a)

if and only if

|7*+Kx)|2<(a2+l)[(5'(x))i+i]2

if and only if

x E ViS, a).

1.6. For x a real number, x>0, let

y = ß{X)   =   {2[1  -   ix2 +  l)-1'2]}1'2.

Then limx^0 j8(x) =0 and

y(4_yî)l/2

* = ß-'iy) =   „     ,   '     lim ß-'(y) = o,
2 — y2 !/->o

and

hM.L
i->0      x

1.7. Let C*+1= {y|yG7?i+1, |y| =l}. For y in C*+1, 0<rj< oo, let

C°iy,v) = [z\ZEC"+\ \Z-y\   < v},

C(y,ri) = {z\ZEC*+\ \ Z - y\   <¡ u},

D = {z| xGT?", | 7*+1(*)|   > 0}.

D is open in Rn.

Let/ be the mapping with domain D and range Ck+1 given by

P+\x)
f'x)   = -¡-^-r- •

| P+\x) |

f is continuous onto Ck+l.

1.8. Lemma. For 5 in Gk+i, a>0,

f-'C°[Sk+i, ßia)] = VÇS, a).

Proof.

/-1C°[5ife+i) ßia)] C 7).

Also, for x in 1)(5, a), [S'(¡c)]*+i>0, which implies that | P+1S'ix) | >0, which
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by 1.4 implies that 17*+1(;e)| >0. Hence for any x under consideration,

|/*+1(*)| >0. Now by 1.3

[5'(*)]t+i = [l^S'(x)]k+l

= [5'7*+1(*)]*+i = 5*'+i-[7*+1(*)j

= Sk+v[l*+Kx)] = (ah•/(*))(I /*"(*) I )•

Also

So

5*+i|   =  |/(*)|   = 1.

|/(*)-5i+i|2 = 2[l-5i+i-/(*)j.

Thus x is an element of V(S, a) if and only if

| /*+»(*) I < («s + l)in[S'(x)]k+i,

which is true if and only if

K(a>+l)1/2(5*+i •/(*))>

which is true if and only if

(Sk+rf(x)) >(a> + I)-"*,

which is true if and only if

[/3(a)]2
2 - (5*+i •/(*)) < 1 - (a2 + I)"1'2 - ^-,

which is true if and only if

|/(s)-5*+i|2<[/3(«)]2.

1.9. Lemma. Iff(x)=Sk+i, then PS'(x)=0.

Proof. If f(x) =Sk+i then for all a>0,f(x) is an element of C0(5fc+i, ß(a)),

which by 1.5 and 1.8 means that x is an element of U(S, a). Thus for all a>0

| PS'(x) |   < a[S'(x)]k+i.

Hence

|7*5'(*)|   =0.

1.10. By a Carathéodory Outer Measure (abbreviated C.O.M.) on a

metric space X, with distance p, we shall mean a non-negative set function

A defined for all subsets of X, such that

(1) A(0) =0 (0 is the empty set),
(2) £iC£2C^ implies A(Ei) ^A(E2),
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(3) E = U» En implies A(£) = £„ A(£B),

(4) piEi, E2)>0 implies A(£i) +A(£2) =A(£AJ£2).

An outer measure is a non-negative set function defined on the subsets of X

which satisfies only the first three above conditions. By a A measurable sub-

set of X we shall mean a set E such that for all subsets Q of X,

A(Q) = A(QT\E) + A(QnCE),

where C(E) denotes the complement of E. By a Borel regular C.O.M. we

shall mean a C.O.M. such that for any subset E oí X there is a Borel set 73

containing E for which A(£) =A(73).

Let A be a closed set in Rn,j a positive integer, A an outer measure in 7?".

For F a subset of Ck+1, let

tMn     ,   u AUn7c(ö,r)n/-HF)j
*(F) =   l.u.b. -,

0<ril/j rk

where Ü is the origin of 7?", and Kix, r) is the open sphere of center x and

radius r in 7?". Then ^(F) is an outer measure in Ch+i.

1.11. Lemma. For A closed ERn, j is a positive integer, D as in 1.7, let

Z=fiAC\ DC\K(Ö, l/j)).

Then Z is an analytic subset of Ck+1, and

*(C4+1 - Z) = 0.

Proof. Since A(~\DC\KiO, l/j) is a Borel set of 7?", and / is continuous,

Z is analytic. Also,

ci+1 - z = ck+i n cf[A r\Dí\ kíü, i/j)].

Hence *(C*+1-Z) =

a[a r\ k(D, r) nti{ck+i n c/[^ ncn jc(ö, i//)]}j
l.u.b.  -)

0<râl/.f r*

which is less than or equal to

\[a r\ k(ö, r) r\ d r\ c[a r\ d r\ kíü, \/j)]]
l.u.b.-= 0.

a<r<,\u rk

1.12. Lemma. Let

*Ciy, v)
Piy, v) =

B>[C(y,i)]

where Hk is Hausdorff k measure. Let
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H = \y\yG C*+1, lim sup p(y, rf) = + » I ,
l 1-0 )

K = iy| y = C*+1,limsup/»(y, ,) > ol .
I i7->0 )

Then W(K - (77UZ)) = 0.

Proof. By 1.11 *(C*+1-Z)=0. So V[C(y, r¡) -Z] = 0. Hence

*[C(y, r,)r\Z]£ *[C(y, ,)] á *[C(y, ,)AZ] + *[C(y, *) - Z].

Therefore

,   .    *[c(y,,)nz]
tM=    i'[C<»,>]    ■

Now, by [3; 4],

*[c(y,i>)nz]
hm sup-:-— = 0    or    + «

,-oF    77*[C(y,,,)]

77* almost everywhere on C*+l —Z. But on K — H

0 < lim sup p(y, r¡) < + go .
,-o

So77*[T:-(77UZ)] = 0.
1.13. The following are immediate consequences of 1.6.

■[<*¥)]

lim-rri—      - = 2~k > 0,
.i—o a(*x*(k)r,k

,.     H*[C(y,|8(v))]
hm-= 1,
1Î-.0 «(fe)}?*

where a(&) is the Lebesgue & measure of the set

{*| xGRk, \x\   g l}.

1.14. Lemma. Let

H*(A, A)

Lkcr      .. .     .     A[AnK(Ü,r)r\<\L(S,r,)] \
= <51 5 G Gjt+i, hm sup   l.u.b. - = + <»>.

{ ,-o      0<rit/i a(k)rkr]k )

Then Sk+i in 77 implies S is in 77*(A, A).

Proof. 5t+i in 77 implies
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A[A^KiÜ,r)nf^CiSk+i,V)]
hm sup   l.u.b. -;-;-= + ».

,-o      o<rSi/> rkHk[CiSk+i, r,)]

Hence by 1.6

lim sup   l.u.b.  A[A r\ K(Ö, r) Hf^CiSk+i, ßiv))]
i)->0        0<r£i/J-r—-—-—- =   +  oo.

r*H*[CiSk+u ßiv))]

Hence since

/-»[COSVm, ßiv))] C/-1[C,(5*+1> 2ßir,))],

A[AnKiÖ,r)nf-i[C°iSk+i,2ßir,))]]
hm sup    l.u.b.   -:-:-= + OS,

^     o<,íw rkHk[CiSk+h ßiv))]

which implies that

,   L AUnx(5,f)n/-i[c,(5W)|}W)]]
lim sup   l.u.b.-= + oo.

Hence by 1.14,

i A.[Ar\Kiü,r)nf-i[C'iSn.i,ßir,))]]
+ oo= hm sup   l.u.b. ->

,;->o      o<r¿i/i aik)rkr¡k

which by 1.5 and 1.8 equals

,   .    A[A n KiÖ, r) r\ <u(s, V)]
lim sup   l.u.b.  -•

7,-0     o<r¿i/j a{k)rknk

Hence S is in 77*(A, .¡4).

1.15. Lemma. Let

I   , A[Ar\K(Ö,r)r\%iS,r,)]       )
K*iA,A)= ^|SGGi+„limsup   l.u.b.  --    '   tt > 0\ .

I >i-»o     o<r¿i/j aik)r"r¡k J

Then S in 7C*(A, A) implies Sk^ i is in K.

Proof. S in K*(A, A) implies

n                                A[A H K(Ô, r) H 01(5, ,)]
0 < hm sup   l.u.b. -j

i)->o      o<réi/j aik)rkr¡k

which by 1.5 and 1.8 is less than or equal to

,    L    A[AnKiÜ,r)nf-i[CiSk+i,ßiV))]]
hm sup   l.u.b.-i

u-o     o<r¿i/s aik)rk7]k
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which by 1.13 is less than or equal to

(A[Ar\K(ö,r)r\f-*[C(S».uß(a))]]\
lim sup   l.u.b.   <->

D-o      o<rgi/y   (. a(fe)r*ij* )

( c(kW \

' \Hk[C(Sk+i, ß(v))]f '

which by 1.6 equals lim sup,^o p(5*+.i, n). Hence 5t+i is in K.

1.16. Lemma. Let

E(S) = {x\xG Rn, IkS'(x) = 0}.

Let

L*(A) = {S| 5 G GVi, (4 - Ö) H tf(Ö, 1//) H£(S)?í0).

Then Sk+i in Z (see 1.11) implies that S is in L*(A).

Proof. 5*+i in Z implies that there is an x in .<4fYDn.iC(0, 1//), such that

f(x) = Sk+i. Hence by 1.9, 7*5'(x) = 0, which implies that x is in E(S). Now if

x is in AC\D, then ¡e is not the origin. So x is in

(A-Ö)C\ K(Ü, l/j) H E(S)

which is therefore not empty. Hence 5 is in L*(A).

1.17. Theorem.

o-k+i[K*(A, A) - (H*(A, A) U L*(A))] = 0.

Proof. By 1.15, if 5 is in K*(A, A), then 5t+x is in K. By 1.14, if 5 is not in
77*(A, .4), then 5*+i is not in 77. By 1.16, if 5 is not in L*(A), then 5*+i is not

in Z. Hence

K*(A, A) - (H*(A, A) W L*(A))

is contained in the set of 5 in Gk+i such that 5*+i is in K — (HKJZ). Hence the

theorem follows from the fact that 77* [K - (HKJZ) ] = 0 (see 1.12).
II. Densities.

2.1. For a fixed w>0, a an element of Rn, A a subset of R*,j a fixed posi-

tive integer, g an element of G», and A a C.O.M., let

P(g, V, a) = {x\xG Rn, | Ikg(x - a) \   < r, \ In-kg(x - a) \ }.

Let

M(A,A,g,v,r,a) = A[A H K(a, r) i\ P(g, n, a)]/a(k)vkrk;

M,(A, A,g,v,a) = l.u.b.  M(A, A,g,n, r, a) ;
0<ril/i

U(g, a) = {x\xGRn, Pg(x - a) = 0} ;
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W,iA, A) = {(*, g) \ix,g)EAX Gn, lim sup M;(A, A,g,n,x) = + *>
1 i->o

X,(A, A) = \ix,g) \ ix, g) E A X Gn, lim sup Jtf,(A, i4, f,,,*) = 0
1 n-o

W) = {(*, g) \(x,g)EAX Gn, (A-x)C\ K(x, l/j)

r\U(g,x)*0}.

2.2. Lemma. If A is closed in 7?", then Vj(A) is a Borel set in the cartesian

product space A XG„.

Proof. For p and q integers, /» less than j, and C(x, r) the closed sphere

for radius r and center x in 7?", the set Sj,v.q of elements of A XGn for which

A i\ [C(x, l/j - l/p) - K(x, (p - j)/ijp + q)]r\ U(g, x)t+0

is a closed set in A XGn, and

00 00

V, -     U       U5y.,.t.
p-j+1  «=l

2.3. Lemma. For A a Borel set of 7?", A a C.O.M., JF,(A, A) and Z,(A, A)

are Borel sets in A XGn.

Proof. It suffices to show that

A[A n K(x, r) n Pig, v, x)]

is a lower semi-continuous function of (g, -q, r, x). For

(go, Va, rQ, -To),

let X be any number less than

A[A i~\ Kixo, r„) H Pigo, 770, *o)].

There exists F, a closed set of 7?", such that

F C Kixo, r0) r\ Pigo, vo, xo),

and

A(A H F) > X,

and for (g, 7/, r, x) sufficiently close to (g0, t/o, ro, Xo)>

F C Kix, r) r\ Pig, v, x),

and

A[A H Kix, r) H P(g, 17, *)] = A(yl Pi 7?) > X.

•

•
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2.4. For A a closed subset of Rn, and x in A, the sets

W*(A, A, x) = h | g G Gr., Hm sup ilf;(A, A, g, r,, x) = + «> j- ,

X/(A, A,x) = <g\gGGa, lim sup Afy(A, A, g, r¡, x) = 0> ,

»W, *) = U U e G«, (ii - *) n *(*, i/» n c/(g) x) * 0},

are Borel sets in Gn.

2.5. For .4 a closed subset of Rn, g in Gn, the sets

ÏF,(A, A, g) =  js | s G -R", lim sup M ¿A, A, g, r¡, x) = + *> > ,

Xj(A, A, g) = h | * G Rn, lim sup Af,(A, ̂ , g, n, x) = 0> ,

Fy(¿, g) = {x| x G R", (A - x) r\ K(x, \/j) í\ U(g, x) * 0},

W(A, A,g)= PI Wi(A, A, g), X(A, A,g)=[) Z,(A, A, g), and
3 i

V(A, g) = fi V,(A, g)
i

are Borel sets in Rn. Also note that V(A, g) is the set of all points x of Rn such

that x is an accumulation point of A(~\U(g, x).

2.6. For g in G„. w>0, and a in i?n, let

QUg, v) - {* | * G A-, | 7*g(* - a) |   < (m - *)>/«vk(* - a)]i}

for & + 1 ^ ♦ 5í ».

Likewise let

Q7(g, v) = {x\ x G R", \ Ikg(x - a) |   < - (m - kyi*i,[g{x - a)],}

for ¿ + 1 ú i ^ ».

Now let

AUnjc(a,r)ncî(i,»)]*+      /  I    c   r iK   HA^K(a,r)nQj(g,v)]^    \
Fi = <g|gGG„,hmsup   l.u.b. -——-> 0> ,

I. ij-H)     o<rsi/] a(k)rkr¡" )

and let

7\ = <g| gGG„,hmsup   l.u.b. -——-> 0^ .
I. i)->o      oo-gi/j a(k)rkrf )
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F? and 7*7" are Borel sets in G. The proof of this is essentially the same as that

given in 2.3.

2.7. Lemma.

Pig,V,a)C   Û    [QÎig, v) U Q~(g, v)l
i-k+l

Proof. If not, then there exists * in 7?" such that

| Ikg(x - a) |   < v | In-k g(x - a) |

and for all i, k + 1 úiún,

\Pg(x-a)\   = & - kyi*v\ [g(x - a)]i\ .

Hence

(n - k) | Pg(x - a) |2 = (w - A),2 [" £   [g (* - a)]]}

= (w - ¿)?j2 | 7„_tg(x - a) |2.

This is a contradiction.

2.8. Lemma. Let I(p, q) be the identity matrix with the pth row replaced by

the qth row, and the qth row replaced by the negative of the pth row. Then, for

k + l^p, qún,

HP, q) ■ [Ft - (Vf(A, a) \J W*(A, A, a))] - F~ - (V*(A, a) W W*(A, A, a)),

where "•" denotes cosetting with respect to I(p, q).

Proof. For g in G„, and Í9¿p, q,

U(pq)g]i = gi\     U(P, q)g]p = s«;     U(P, q)g\< = - &>•

Thus, since k + 1 S-p, qún, we have

\lk(I(P,q)g)(x-a)\   =  \lkg(x-a)\,

and

| In-k(I(p, q)g)ix - a) \   =  | In-kgix - a) \ .

Thus Q+ig, v) = Qp(I(P, e)g, »?), and hence

F~ = I(p,q)-F+p.

Also P(g, t], a) =P(I(p, q)g, u, a), and hence

Wf(A,A,a) =I(p,q)-Wf(A,A,a).
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Also U(g, a) = U(I(p, q)g, a), and hence

Vf (A, a) = I(p,q)-Vf(A,a).

Hence

I(P. q) ■ [F+p - {Vf (A, a) W W?(A, A, a))] = F~ - (Vf (A, a) U Wf(A, A, a).

2.9. Lemma. For k + l^p, q^n,

"n[Fp - (Vf (A, a) U Wf(A, A, a))] = <rn[F~ - (Vf (A, a) W Wf(A, A, a))].

Proof. By 2.8

F~ - (Vf (A, a) \J Wf(A, A, a)) = I(p, q) ■ [Fp - (Vf (A, a) W Wf(A, A, a))],

and the lemma follows since <r„ is the Haar measure in Gn.

III. Further density considerations.

3.1. Let A be a closed subset of R", g an element of Gn, and a an element

of A. Let

l(x) = g(x — a),       for x an element of Rn.

Then t is a distance preserving homeomorphism of Rn onto Rn such that

t(a) =0, tK(a, r)=K(Q, r), and t(A) is a closed subset of Rn.

3.2. Lemma. For s in Gk+i, w>0,

QÎ+1(S'g, v) = f *hlfo (» - k)U\)].

Proof. a:G(2¿i-i(5'g, r») if and only if

| IkS'g(x -a)\   <(n- kyi*v[S'g(x - a)]k+i,

which is true if and only if

| PS'g(x -a)\   <(n- kyi*r,[S'(t(x))]k+u

which is true if and only if t(x) is in 11(5, (« — &)1/2n).

3.3. Lemma. For g in Gn, a in Rn, S in Gk+i, n>0,

rWS,v))GP(S'g,v,a).

Proof. If x is in ¿_1(ll(5, n)), then t(x) is in 11(5, n), and therefore

| PS'g(x - a) |   < v[S'g(x - a)]k+u

and hence
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| fs'gix- a) |S < v*[S'g(x - a)]l+i = v I In-kS'g(x - a) \\

and therefore x is in P(S'g, n, a).

3.4. Lemma. For g in Gn, a in R", S in Gk+i,

t-l(E(S)) = Ol(S'g, a).

Proof, x is in t~l(E(S)) if and only if t(x) is in £(5), which is true if and

only if
|7*S'g(*-a)|   =0,

which is true if and only if x is in 11(5^, a).

3.5. Lemma. For A a closed subset of Rn, a an element of A, g in Gn, S in

Gk+i; S is in L*(t (.4)) if and only if S'g is in Vf (A, a).

Proof. By 3.4

(A-a)C\ K(a, l/j) C\ <U(S'g, a) = rl[(t(A) - Ü) H K(0, l/j) H £(5)].

So 5 is in L*itiA)) if and only if

itiA) - Ü) C\ K(D, l/j) r\ EiS) * 0,

which is true if and only if

t[iA -a)C\ Kia, l/j) C\ 0l(5'g, a)] * 0,

which is true if and only if

iA-a)C\ Kia, l/j) H 0l(5'g, a) * 0,

which is true if and only if S'g is in V*iA, a).

3.6. For A an outer measure, and £ a subset of 7?", let

A*(£) = A[r>(£)].

Then A* is an outer measure in 7?".

3.7. Lemma. For A aw outer measure, A a closed subset of R", g in Gn, S in

Gk+i\ if S is in 77*(A*, tiA)), then S'g is in TF/(A, A, a).

Proof. If 5 is in 77*(A*, tiA)), then

,    u   A*[HA) n K(Ö, r) n %is,,)]
+ oo = lim sup   l.u.b.  -■- >

,,^o     o<r£i// a{k)rkvk

which by 3.3 is less than or equal to

i A[AnKia,r)nPiS'g,v,a)]
lim sup   l.u.b.-

i?->o     o<t<¡i/¡ aik)rkvk

Hence S'g is in W*(A, A, a).
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3.8. Lemma. If S'g is in Ft+i, then S is in K*(A*, t(A)).

Proof. If S'g is in F^, then

A[A n K(a, r) C\ Q+k+i(S'g, „)]
0 < hm sup   l.u.b.  -

>)->o      o<rái/í a(k)rkr¡k

which by 3.2 equals

A*[l(A)r\K(Ö,r)r\^(S,(n-ky'S)]
hm sup   l.u.b. ->

H-K)       0<r£l/j a(k)rki)k

and hence 5 is in K*(A*, t(A)).

3.9. Theorem. For any g in Gn, and a in A, a closed subset of R", and A an

outer measure,

o-k+i{S\ S'g G [FÎ+i - (Wf(A, A,a)U Vf (A, a))]} = 0.

Proof. By 3.5, 3.7, and 3.8,

{51 S'g G [Ft+i - (Wf(A, A, a) U Vf (A, a))]}

C K*[A*, 1(A)] - {H*[A*, 1(A)] \J L*[t(A)]}.

Since A* is an outer measure, and t(A) is closed in Rn, we may apply 1.17.

3.10. Theorem. For aGA, a closed subset of Rn, and A a C.O.M.

Cn[FÎ+i - (Wf(A, A,a)\J Vf (A, a))] = 0.

Proof. Let a: (Gk+iXGn)-+Gn be a mapping defined by a(S, g) =S'g. a is

a continuous mapping. Hence the set

{(5, g) | (S, g) G Gk+i X Gn, S'g G [FÎ+i - (Wf(A, A, a) U Vf (A, a))]}

- a_1[<i - (Wf(A, A, a) \J Vf (A, a))]

is a Borel set in Gk+iXGn.

Let c(S, g) equal 1 if S'g is in Ft+i-(Wf(A, A, a)VJVf(A, a)), and 0
otherwise. Then, since <r„ is a Haar measure in Gn, for any 5 in Gk+i,

«n[F+k+i - (Wf(A, A, a) \J Vf(A, a))]

= <r*U\ S'g G [FÎ+i - (Wf(A, A, a) V Vf (A, a))]} = f   c(S, g)do-n.
J on

So by 3.9
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o-tt[FÎ+i - (Wf(A, A, a) W Vf (A, a))]

=  I I    c(S, g)do-adcrk+i =|     I        c(S, g)do-k+ido-n = 0.

3.11. Lemma. For k + 1 ̂ /», g ̂ w, a, A, and A as ¿w 3.10,

Cn[F+P - (Wf(A,A,a)\JVf(A,a))] = «rj/^ - (fF*(A, ¿,a)U F/U,a))] = 0.

Proof. By 2.8 and 3.10,

o-n[F+v - (Wf(A, A,a)\J Vf (A, a))] = an[F~ - iWfiA, A, a) W VfiA, a))]

= <rn[£t+i - (W7(A, A, a) U V*iA, a))] = 0.

3.12. Lemma. For a, A, and A a5 in 3.10

Gn- XfiA,A,a)E   Ü   (£ÎW7?7).
i=i+l

Proof. If not, then there exists a g in Gn, such that

lim sup MjiA, A, g,v, a) > 0,
ij->0

and for all i, k + 1 Hkiûn,

A[Ar\Kia,r)r\Q+iig,v)]
0 = lim sup   l.u.b.  -

!)-»o      o<r^i/j aik)rkvh

A[Ar\Kia,r)r\Q~ig,v)]
= hm sup   l.u.b.  - •

,—o      o<rgi/> aik)rkvk

Hence by 2.7,

A[Ar\Kia,r)KPig,v,a)]
0 < hm sup   l.u.b.  -

v->o      o<r¿i/j aik)rkvk

A[AnKia,r)r\QÎig,v)]
=   £    lim sup l.u.b.

i_jfc+l L      >?— 0       0<rgi/,-*+i L.    i-o     o<rSi/i a(k)rkvk

A[Ar\Kia,r)^Q~ig,v)]-\      ft
+ hm sup   l.u.b.-= 0.

,->o      o<rgi/i a(^)r*r;A J

This is a contradiction.

3.13. Lemma. For a, A and A as in 3.10

an[Gn - iXfiA, A, a) U WfiA, A, a) VJ VfiA, a)] = 0.



322 W. C. NEMITZ [February

Proof. By 3.12

Gn - (Xf(A, A,a)KJ Wf(A, A,a)U Vf (A, a))

C   Û   [Fi- (Wf(A, A,a)\J Vf (A, a))] U [fJ- (Wf(A, A, a) U Vf (A, a))],
¿=*+i

and the result follows from 3.11.

3.14. Lemma. For A, a closed subset of Rn, j an integer, A a C.O.M.,

A[A - (ÎF3(A, A, g) U Xy(A, A, g) U Vi(A, g))] = 0

for ffn almost every g in Gn.

Proof. By 3.13 for any a in A,

o-n[Gn - (Wf(A, A, a) U Xf(A, A, g) U Vf(A, a))] = 0.

Apply Fubini's theorem to the characteristic function of

(A X Gn) - (Wj(A, A) \J Xj(A, A) U V¿A)).

3.15. Theorem. For A a closed subset of Rn, A a COM.

-     A[A - (F(A, A, g) W X(A, A, g) U V(A, g))] = 0,

for an almost every g in G„.

Proof. By 3.14, for every integer j, there is a subset Z3 of G„, such that

on(Z,) =0, and for g in Gn — Zj

A[A - (Wi(A, A,g)VJ Xi(A, A, g) U VS(A, g))] = 0.

Let Z = Uy°li Zj. Then on(Z) =0, and for g in Gn — Z, and for all integers j,

A[¿ - (Wi(A, A, g) W Yi(A, A, g) KJ 7i(A, g))] = 0,

and thus, by 2.5,

A[A - (W,(A, A, g) \J X(A, A, g) \J VS(A, g))} = 0.

Also, IFj(A, A, g) and V,(A, g) are monotone decreasing sequences of sets. So

A - (W(A, A, g) \J X(A, A, g) U V(A, g))

= [A- X(A A, g)] r\ [ U CF,(A, A, g)] n [ U CVAA, i)]

c U - x(a, A,g)]nu [cw,(a, A,g)r\ cv}(a, g)]
i

= U [A - X(A, A,g)KJ W3(A, A,g)KJ Vj(A, g)],
i
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and the result follows.

IV. (A, k) Unrectifiable sets.

4.1. By a Lipschitz mapping T from a metric space X, with metric p, to

a metric space Y, with metric 5, we shall mean a mapping such that there

exists a constant M such that for all x, y in X, 5 [Tix), T(y) ] = Mpix, y).

A subset of Euclidean w-space will be said to be ¿-rectifiable if it is the

image under a Lipschitz mapping of a bounded subset of Euclidean ¿-space.

If A is an outer measure on Eucidean w-space, a subset £ of w-space will

be said to be (A, k) unrectifiable if every fe-rectifiable subset of £ is of A

measure 0.

Lemma. Let A be an outer measure in 7?". Let A be a subset of 7?" such that

diA), the diameter of A is less than l/j,for a fixed integer j. Let g be an element

of Gn, 0 < S < 1, 0 <y < + °° , awd assume that

(1) MjiA, A, g, v, x) < y       for x in A and 0 < rj < 5.

Let

(2) 73 = {x\ xE A,Ar\Pig,v,x)r\Kix,r) * 0 for r > 0, 0 < v < l}-

For x in Rn, let

x' = In-kgix) ;

awd let

x" = Pgix).

Also let

K"ix", r) = PgiKix, r)).

Then for a in 73, we have

(3) A[73 r\ iPg)-liK"ia", r))] < 2k+n02kyaik)rk,

for 0<r<8/l2j.

Proof. Since diA) <l/j, (1) implies that

(4) MiA, A, g, v, r, x ) < y       for x in A, 0 < t> < 5, r > 0.

Now for x, y in 7?"

| y" -x"\   =| 7*g(y) - Pgix) |   =  | 7*g(y - x)\ ,

| y' - x' |   =  | 7n_*g(y) - In-kgix) |   =  | 7„_*g(y - x) | .

With this remark, the proof proceeds exactly as in ([l], 5.2). For a in 73,

0<r<5/12j, letT7=12r7, e = T?/12 = rj. Set

£ = 73 H (7*g)-1(7C'(a", r)).
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For x in E, set h(x) = l.u.b. \y'—x'\ for y in

A H P(g, 6, *) H (Pg)-\K"(a", r)).

Then 0<h(x)ul/j. For x in £, let * in AC\P(g, e, x)C\(Pg)-\K"(a", r))
be such that

(5) 121 «'-«'I  > 11/n».

Since * is in P(g, e, x),

(6) |*" - x"\   <e\x' - x'\ .

For x in E, set

<2(a;) equal the set of y in £ such that

\y"-x"\   <5eh(x).

The remainder of the proof is divided into five parts.

Part 1. For x in E, Q(x) GP(g, V, x)\JP(g, rj, x).

Proof. If not, then there is an x in E, such that

\y"-x"\   <5eh(x),\y"-x"\   ^ v\ y'- x'\ , \ y" - x"\  ^ r,\y'- x'\ .

Then

0 < lle*(») < 12i | *' - x" |   = r,\x' - x'\   g v \ x' - y' \  + r, \ y' - x' \

Û | y" - x"|  + | y" - x" |   g  | «" - *"|  + 2 | y" - as"|   <t\x' - x'\

+ I0eh(x) g lleA(x).

This is a contradiction.

Part 2. For x in £, K"(x", eh(x)) GK"(a", 2r).

Proof. If |y"-x"| <eh(x), then, since |x"-a"| <r,

| y" - a" |   < | y" - x" \  +\ x" - a" \   < th(x) + r < 2r.

Part 3. If y is in Q(x), then \y'—x'\ <5h(x).

Proof. Assume that there is a y in Q(x) such that \y'— x'\ ^5h(x). Then

\y"-x"\ <5eh(x) ^e\y'-x'\. Thus y is in 4HP(g, €, x)n(7*g)~1(A:(a", r)),

and hence l/j^h(x) ^5h(x)>0. This is a contradiction.

Part 4. If x is in £, then A(Q(x)) ^2(8i)kya(k) [eh(x)]k.

Proof. By Part 3, if y is in Q(x), then

\y-x\  ú\y' -x'\ + \y" -x"\  < 5h(x) + 5eh(x) = 5(e + l)h(x) < 6h(x).

Also

| y - * |  è \y-x\  + | * - i |   á 5(e + 1)¿(*) + I x1 - &' I   + I x" - x" I

< 5(e + l)A(z) + (e + 1) | x' - x |   < 6(e + 1)A(«)

< (13/12) -6h(x) < 7h(x).



1961] MEASURES IN EUCLIDEAN «-SPACE 325

Hence

Qix) C Kix, Uix)) r\ K(x, 1h(x)).

Hence, by Part 1,

Qix) C[AH Pig, v, x) H Kix, Uix))] U[iD Pig, v, x) H Kix, Uix))].

Thus by (4) and since

V = 12«, A[Qix)] = 2ya(k)(1h(x)v)k = 2(84)*ya(*)(«*(*))*.

Part 5. A(£) ^2h+nWka(k)yrh.

Proof. Since, for x in £, Pg(E) CU7C"(3c", eA(x)), by a covering theorem of

Morse, [5], there are xi, x2, ■ ■ ■ in £ such that Pg(E) CU("=i K"ixi', 5thixk)),

and íor p7¿q

K"(xp", th(xp)) C\ K"(xP, ehixt)) = 0.

Now for x in £, there is an Xi such that | x" — xí' \ <5ehix), and hence x is in

Qixi). Thus

£ c u et*,),
i-i

From Parts 2 and 4,

A(£) = £ A(Ö(xi)) = 2(84)M¿)y £ («*(*<))*
i-l i-i

= 2(84)*(2)*ya(*)''* = 2*+1102*ya(¿)r*.

4.2. Theorem. 7-e/ A be a C.O.M. in Rn, g in Gn, and let A be a (A, k)

unrectifiable subset of R. Then isee 2.5)

A[Z(A, A, g)] = 0.

Proof. It suffices to show that for j an integer A[Xy(A, A, g)] = 0. Also,

since Rn is separable, we may assume d(Xy(A, A, g)) < 1/j. Now

lim sup,^0 Mj(A, Xj, g, v, x)=0 for x in Xj. Assume A [Xj(A, A, g)]>0. Hence

by 2.5, there is a set ~A~¡ contained in Xj, and a sequence of positive w numbers

Si, S2, • • • , such that

A(lj) > 0, Mj(A, A~j, g, v, x) < 1/i,       for 0 < v < «<

and x in A¡. Let 73;- be the set of x in A¡, such that for r>0, 0<»j<l,

A, C\ Pig, v, x) f\ K(x, r) * 0.

Since Aj is (A, k) unrectifiable, by Fédérer ([2] 4.3 Theorem),

A(A~j - Bj) = 0,        A[73y] = A[Aj] > 0.
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Thus there is a point a in 73,- such that

(1) lim sup A[73 H (Pg)-l(K"(a", r))]/a(k)r* > X > 0,

for some X. Choose i such that 1/t <X/2*+1102\ By 4.1,

(2) A[73 H (Pg)-KK"(a", r))] < a(k)r*\,

for 0<r<S</12j.
Since (1) contradicts (2), it follows that

A(X,(A, A, g)) - 0.

V. Lebesgue measure of projected sets.

5.1. Lemma. If Ais a C.O.M. in 72", g in Gn, and A is a subset of 7?", with
A(A)< + «>, then,

Lk[Pg(W(A, A, g))] = 0,

where Lk denotes Lebesgue measure in Rk.

Proof. For £ in 7?*, let

A„(£) = A[A H (7*g)-i(£)].

Then A„ is finite-valued C.O.M. in 7?*, and for x" in 7?*

(1) lim sup A„(K"(x", t))/a(k)tk < + »,
<-K)

for Lk almost every x" in 7?*. Now for x in IF(A, A, g), and 0<rj<l, 0<r

< + oo, the set P(g, v, x)C\K(x, r) is contained in the set of y in 7?" such that

y" is an element of K"(x", r¡r). Thus there is a sequence

(Vi, ri) -+ (0, 0)        fori-> + oo,

such that

+ oo = lim M (A, A,g,Vi,ri,x) = lim A„(K"(x", v,rù)/a(k)viri,
i—* 00 I—» 00

and therefore the result follows from (1).

5.2. Lemma. Let Abe a C.O.M. in R", g in G„, and A a Borel subset of 7?"

such that

A(A) < + »

and

HA) = f N(x", Pg, A)dLk,
J s»
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where N(x", Pg, A) is the number of points (possibly °°) in Ai~\(Pg)~l(x").

Then

Lk(Pg(V(A, g))) = 0.

Proof.   N(x", Pg, A) is finite for Lk almost every x" in Rk. But x in V(A, g)

implies N(x", Pg, A) is infinite. Hence the result follows.

VI. The m* measure.

6.1. Let Z denote the family of subsets Z of G„, such that <r„(Z) =0. For

B a Borel subset of Rn, and Z in Z, let

\*z(B) = l.u.b. Lk[Pg(B)],       for g in G„ - Z.

Let

\(B) = g.l.b. A*(JS),        for Z in Z.

For £ a subset of Rn, and €>0, let p((E) = g.l.b.  EM-B<). the sum being

taken over a countable covering of £ by Borel sets 73< such that ¿(5,)<e,

and the greatest lower bound being taken over the family of all such coverings.

For £ a subset of Rn, let

M„(£):=:iim /i.(£).
<—o

ju„ is a Borel regular C.O.M. in i?".

6.2. Lemma. Let B i be Borel sets for i = 0,1, 2, • ■ ■ , and assume B oG^ i B,,

and Z is in Z. Then

\z*(Bo) â Ei**(£.)-
t

Proof.

l.u.b. Lk[Pg(B0)] = l.u.b. L„l\J [Pg(Bi)Ü = l.u.b. E £*['**(*<)]

á E 1-u.b. 7t[7*g(ß,)],

all least upper bounds being taken over g in Gn — Z.

6.3. Lemma. For B a Borel set in Rn, there is a set Z in Z such that \(B)

=X?(5).

Proof. For any integer i, there is a set Z< in Z such that X|i(ß)<X(ß)

+ 1/î. Let Z = U, Z<. Z is in Z, and X(B) ̂ X|(B) <\%(B) <\(B) + l/i. Hence
for all i, \(B) ú\*z(B) <\(B) + \/i. Therefore \(B) =\*Z(B).
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6.4. Lemma. For EERn, there is a set Z in Z such that for g in Gn—Z,

¿(E)^LkPg(E).

Proof. Since /4 is Borel regular, it suffices to work with Borel sets. Let 73

be a Borel set, e>0, and * an integer. There is a countable covering of 73 by

Borel sets 73,, d(B,)>t, such that £(B)+l/i> ¿1, X(73y). By 6.3 for each j
there is a Z¡ in Z such that

\(Bh = X%(73,).

Set Zi = \Sfm.x Zj. Then Zi is in Z and, (by 6.2)

oo

Un(B) + 1/i > £ ûi(B,) £ \¡i(B).
t-1

Now set 2 = Ur=i Z\ Then Z is in Z, and

Un(B) + 1/i > X*(73) ̂  i/g(73),

for g in Gn — Z, and for all i. Hence u,\(B) ̂ LkPg(B) for g in Gn — Z.

6.5. Lemma. Z,ei A be a Borel regular C.O.M. in 7?". Assume that for any

subset E of Rn, there is a set Z in Z such that for g in Gn — Z, A(E)^LkPg(E).

TÂewA(£)è/4(£).

Proof. Again it suffices to work only with Borel sets 73. For e>0, 73 may

be written as a countable union of Borel sets 73,-, where d(73,)<e, and for

i^j, BiC\Bj = 0. Further for all integers i, there is a set Zi in Z such that for

g in Gn-Zi. A(Bi)^LkPg(Bi). Set Z = [)f=1Zi. Then Z is in Z, and A(73<)
èl.u.b. [L*7*g(73i)] èX(73.) for g in Gn-Z. Hence A(73) ̂ £"_! X(73.) ̂u.(B).

The result follows since e was arbitrary.

6.6. Lemma. Let A be a Borel regular C.O.M. in R*. Let T be a Borel regular

C.O.M. in Rk such that for all EERn, such that A(£) < + » , there is a set Zb

in Z such that for g in G — ZE, A(£) ^TPg(E). Then for all £C7?", such that
A(£) < + », there is a set Z in Z such that for all subsets E*EE, and g in

Gn — Z,

A(£*) £ r[7*g(£*)].

Proof. Again it suffices to consider only Borel sets 73 in 72", and Borel sub-

sets 73*C73. First, let 6 be the family of sets C such that C is the union of a

finite number of spheres of rational center and rational radius in 7?". 6 is a

countable family. If £ is a compact subset of 7?", then there exists C{Z)C2

D ■ ■ • . CiEO, £ = fi¡°li Ci. We may further assume that 73 is bounded. Let

eB = {e\ e = 73nc, ceo}.

6b is countable. For each £ in 6B, there is a Zb in Z such that, for g in Gn — Zs,
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A(£) =■ T [7*g(£) ]. Set Z = UZE, lor E in 6B. Z is in Z, and for £ in 0B and g in

Gn — Z,

A(E) = T[Pg(E)].

Now take F closed with respect to B. Then there is a compact set F*GRn,

such that F—F*r\B. Hence there is a sequence of sets C{Z)C2Z) • • • such

that £* = nr=i Ci. Set £, = C¿r\B. F=n;ii£<, and EiDE2D ■ ■ ■ . Also for
all integers i, and for g in G„—Z,

T[Pg(F)] Ú T[Pg(Ei)] = A(Ei).

Since lim,-_M A(£¿) =A(F), we have, for all g in G„—Z,

T[Pg(F)] = A(F).

Now let 0 be open with respect to B. Then there is a bounded open set 0*

in Rn, such that 0 = 0*^75, and a sequence of compact sets F*CF*C • • • ,

such that 0* = Ur=iF*. Set Fi = FfC\B. F< is closed relative to B, and
0 = 1)4=1 TV For all integers *, and g in G„ — Z,

T[Pg(Fi)] Û A(Fi) < A(0).

Now Pg(Fi) GPg(Fi+i), and Pg(Fi) is T measurable, and Pg(0) = Uf=i Pg(Fi).

So we have that T[Pg(Fi)]-*T[Pg(0)] as ¿->+°o, and thus r[7*g(0)]

^A(O). Now take B* a Borel subset of B. Fix e>0. Then there is a set 0

open relative to B, such that 0Z)B*, and

A(0) < A(£*) + e.

Then for g in Gn—Z,

r[7*g(5*)] ^ T[7*g(0)] è A(0) < A(B*) + e.

Thus

T[Pg(B*)] = A(B*).

6.7. Lemma. For E a subset of Rn, such that p%(E) < + °° , there is a set Z

in Z such that for g in Gn — Z,

pl(E) è f N(x", Pg, E)dLk.

Proof. Again it suffices to work with Borel sets BGRn- By 6.6 there is a

set Z in Z such that for all Borel subsets B*GB, and g in Gn—Z, pZ(B*)
-LkPg(B*). For i an integer, Rn may be written as the union of a countable

family of disjoint Borel sets Bi}, where d(Bi,) <l/t. For x" in Rk, letfa(x")

be the characteristic function of Pg(BC\Bii), and let fi(x")= Ef=i/ü(*")-

Then
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f   f,(x")dLk = £ f  fi,(x")dLk = E Lk[Pg(Bn Bt,)\
J Rk j-1 J Rk j-1

ú E vUb r\ Bi,) = p\(B).

Since/,(x")—>N(x", Pg, B) as i—>+ a», the result follows from the lemma of

Fatou.

6.8. Lemma. Let E be a k-rectifiable set in Rn. Then

Hk(E) = ¿(E).

Proof. Again it suffices to work with Borel sets B. Let Q denote the unit

cube in Rk, that is, for x in Rn, and x in Q, and x = (xi, x2, ■ • • , x„), we have

0 ^ Xi; g 1,       for 1 = i = k,

and

Xi: = 0,       for ¿ -f 1 ^ i — n.

Now 73 may be taken as the image under a Lipschitz mapping of a subset of

Q. Also it follows immediately from 6.5 that (*) Hk(B) ^pZ(B). By [6], this

Lipschitz mapping may be extended to all of Q, with the same Lipschitz

constant. Hence, in view of (*) without loss of generality, we may assume that

B = T(Q),        T a Lipschitz mapping.

Now let u be any point of Q, and g any element of G„. Let

J(u) be the Jacobian of T at u;

J*(u) be the Jacobian of gT at u;

Jg(u) be the Jacobian of PgT at u.

Now by ([7], 4.2), J(u) = J*(u). Also all of the above Jacobians exist Lk

almost everywhere on Q. Hence there is a Borel subset £ of Q such that

(1) F is univalent on £,

(2) All of the Jacobians exist and have positive, finite absolute values

everywhere on £.

(3) p"n(B - T(E)) = Hk(B - T(E)) = 0.

Now let u be any point in £. By (2) there is a ¿-plane ir which is spanned by

the k column vectors of the differential matrix of T at u. Select g in G„ such

that g(w) =Rk. Then for this g,

J(u) = J*(u) = J,(m).

Thus for e>0 there can be selected a sequence g\, g2, • • • in G„ such that the

sets
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(4) £? = {u | u E E, 0 = | /(«) - I„,iu) | < •}.

cover £. Let

i-I

£i = £i*,       £i = JE* - U £,*.
y-i

Now, from 6.7 if necessary a second sequence g{, g2 , • • •   can be selected

from Gn, such that for u in Eit

(5) 0 = | Jiu) - Jeiiu) | < 6,

and

(6) Mn(7\£i)) = f ¿V(*", 7*g,', r(£,))¿7:,.
J Bk

Hence, from ([7], 4.5 Theorem), we have

77*(73) =  f Jiu)dLk = £ f Jiu)dLk á £ f /„,' (u)d¿* + e
J E t'=l J Ei i=l o/ Bj

= £ f  #(*", 7*g,', TiEi))dLk + e g £ /„(J(£i)) + e = /„(73) + e.
i=l •/  fit t-1

Hence

77*(73) ̂ u*(73).

VII. The decomposition theorem.

7.1. Lemma. Let A be a closed (/4, k) unrectifiable set in Rn, such that

úiAX + n. Then£iA)=0.

Proof. For any g in Gn,

A = [A- iWiun, A,g)\J Xiukn, A,g)\JViA, g))\

U [W(un, A,g)\J äV„, A, g) \J ViA, g)].

By 3.15

¿[A - iWiut, A,g)VJXiMkn, A, g) \J ViA, g))\ = 0,

for On almost every g in Gn. By 6.4 and 6.6,

Lk[lkgiA - iWinl, A,g)KJ X(un, A,g)\JViA, g)))] = 0,

for on almost every g in Gn. Likewise by 4.2 and 6.6 and 6.4, we have that
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Lk[lkg(X(pn, A, g))] = 0,

for <jn almost every g in G„. Likewise by 5.1,

Lk[lkg(W(¿, A, g))] = 0,

for every g in G„. Likewise by 5.2 and 6.7, we have that

Lk[Pg(V(A, g))] = 0,

Hence, for <r„ almost every g in Gn,

Lk[Pg(A)] = 0,

pl(A) = 0.

7.2. Theorem. let A be a Borel set in Rn such that p*(A) < + oo. Then

A =Ai^JA2, where Ai, A2 are Borel sets. Aif~\A2= 0. Ai is countably k-rectifi-

able, and p„(A2) =0.

Proof. Let

y = l.u.b. p\(A'),

for A' a ¿-rectifiable subset of A. For each positive integer i, there is a k-

rectifiable set BiGA such that

P°n(Bi) >y- l/i.

Then there is a Lipschitz transformation from a bounded set £< in Rk onto

Bi. By [6] this transformation can be extended to the whole of Rk with the

same Lipschitz constant. If F,- is a bounded closed set in Rk containing £,•

then the intersection of A and the image of F¿ under this extended transforma-

tion is a Borel fc-rectifiable subset of A containing 2?,-. Hence we may assume

that B i is a Borel set for each i. Set

00

Ai = U Bi.
t-i

Then .4i is a Borel and countably fc-rectifiable set. The set A2=A— Ai is

Borel and (pn, k) unrectifiable, A = A^JA2, AiC\A2= 0. Since A2 is the union

of a countable number of closed 04, &) unrectifiable sets and a set of/4 measure

0, it follows from 7.1 that p„(A2) =0.

7.3. Theorem. 7/4 is a Borel subset of Rn and p!„(A) < + «>, then p!¡,(A)

= F\(A), where F* is the integralgeometric Favard k-measure of A, in Rn. (See

[2], 2.18, 5.11)

for <r„ almost every g in G„.

and therefore
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Proof. By 7.2, A=Ai\JA2, AiC\A2=0, Au A2 Borel, Ax is countably
¿fc-rectifiable, and &(A2) = 0. Thus

Fn(A2) = 0.

Also by 6.8 and ([2], 5.14 Theorem),

uÍ(Ai) = Hk(Ai) = Fn(Ai).

7.4. Theorem. Let m, k and n be positive integers, k<n<m, and let A be

a Borel subset of Rn, which may be thought of as a subspace of Rm. Then

k k

¡Xn(A)  =  fim(A).

Proof. Under the above assumptions Fédérer has shown ([8], 7) that

FÍ(A) = Fn(A).

To begin, we assume un(A) < + <*>. Then, by 6.8 and 7.2, A—AiUA2, Ai

Borel for i— 1, 2, AiC\A2 = 0. Also Ax is a countably ¿-rectifiable subset of
both Rn and Rm. So

fikn(Ai) = HkiAi) = uíiAi),   and   ukn(A2) = fI(A2) = 0.

Hence £*(.42) =0=/4,042). Therefore u„(A) = u^(A). We now wish to show

that if ul(A) = + » , then u^iA) = + ». To show this it suffices to show that

if ultiA) < + » , then i&iA) =/4(^)- But this follows from exactly the same

type of argument as used above.
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